A simple mechanical model of planar fibrous materials with mesoscopic disorder is introduced and analyzed. In this scalar model a shear modulus controls the stress transfer in the transverse direction. The system is studied using the effective medium approximation and computer simulations; the comparison between them is quite favorable. In the disorder-controlled regime the stress-strain relation, the number of broken cells at the onset of crack propagation, and the length of the final crack scale with the system size as L, L ", and L, respectively. The mechanical properties are controlled by the interplay between disorder and shear modulus, which is studied in detail.
I. INTRODUCriON
Disorder plays a central role when mechanical properties of materials are considered. The subject of fracture behavior of disordered materials has been under extensive study especially during the last decade. '
The interest is easily understandable on the basis of numerous applications from space technology to paper making. The effect of disorder depends on the properties under investigation.
The strength and breakdown properties are highly dependent on disorder, ' while elastic properties are not.
The breakdown process itself enhances the effects of inhomogeneity.
Several models have been used in simulations of disordered materials. The most widely studied are the random fuse network, ' ' elastic models such as the Born model ' '" and different bond-bending' and beam models. ' These studies have revealed many interesting properties, such as scaling ' and multifractality ' even universality ' has been proposed. However, the comparison of these models with experimentally studied systems is nontrivial and thus the practical counterparts of model parameters are ambiguous. ' Nevertheless, phenomena such as gelation' and fracture of reservoir rocks' have been explained with the help of such simulation models.
Among disordered materials we focus our attention on planar fibrous materials, e.g. , glass fiber networks, short fiber composites, and specifically ordinary paper. In a typical random fiber network there is disorder at two different length scales. At the microscopic length scale determined by the fiber length, disorder arises from the arrangement of fibers; their positions and orientations (sometimes also their lengths) are random. Thus a microscopic random fiber network corresponds to a lattice where the lattice constant and coordination number are random variables. On the other hand, at the mesoscopic length scale the local density varies and obeys Poisson distribution in the absence of spatial interfiber correlations.
The microscopic structure of the fiber network shows up in the mesoscopic elastic and fracture properties. In a high-density network the fiber segments are short and transmit stresses far ahead of a propagating crack, while at low densities the network is flexible and tolerates large crack deformations without failing. Thus at the mesoscopic level the fracture behavior should depend on the elastic properties, particularly on the shear stiffness. At high shear stiffness disorder is irrelevant, while at low shear stiffness it dominates the fracture process. We study the interplay between elastic stress transfer and mesoscopic disorder using computer simulations and effective-medium approximation. Duxbury and Li' have already shown that a similar change in the fracture behavior can be afFected by assigning residual strength to broken elements. In homogeneous materials the stress transfer mechanisms and residual strength affect the fracture toughness but do not change the nature of the fracture process (see, e. g., Ref. 15) .
In order to confine the investigation to bare essentials, we have devised an elastic scalar model in terms of a lattice of adjoined (side-to-side) 
II. THE MODEL
Our starting point is a microscopic random network consisting of fibers bonded to each other at interfiber crossings. The crossings divide the fibers into segments.
If the bondings are stiff, the elastic energy of the network is given by the segment strains c, . For slender fibers or a low-density fiber network, the strains are predominantly axial, i.e. , in the longitudinal x direction. The elastic energy of the network can be written as a sum over a11 the segments, where the sum runs over all fiber segments in the kth cell and 1;" is the part of the fiber segment i that is inside the kth cell. The random network structure implies that the cell density lk has quenched disorder. We assume that lk is uniformly distributed,
Il, E [ 1p, 1+p]. Thus the mean half-width p defines the density distribution. Similarly the cell strain is defined as the average strain of the fiber segments in cell k weighed by length: lk Because of the random orientation of the fibers, the strain E" is equal to one-half of the longitudinal (or areal) dilation of the cell.
As a first approximation it can be assumed that only the longitudinal degrees of freedom need to be considered, though the model can be readily generalized. In particular, different constitutive relations for the cells could be used. Therefore, we write the elastic energy of The parameter ak describes the damage of the kth cell: ak = 1 for the cell that is intact and cxk =0 for the broken cell. The cells are assumed linearly elastic up to a threshold strain c. ,& at which they break completely and irrever-where l; is the ith segment length and the fiber moduli are taken equal to unity. Despite its fibrous structure, the network can be considered continuous at a coarser mesoscopic level. It can be conveniently described by dividing it into a lattice of adjoined cells. The density of such a cell can be defined as ik k sibly (aI, =0 if s"has ever exceeded c, , ").
The three energy terms in Eq. (4) are the self-energy of the cells, the coupling between transverse neighbors (ky) and the transmission of an external force h (Lagrange multiplier) to the longitudinal neighbors (kx). The first and third term describe the fact thatin the absence of transverse couplingsthe stress along a longitudinal chain of cells should be constant. The stretching of a cell costs no energy if the cell is broken (al, =0), and no stress is transferred across the cell boundary from a broken longitudinal neighboring cell. The second term accounts for the fact that transverse neighbor pairs have a common boundary whichin the absence of longitudinal couplingswould prevent elongation differences between them. This would be the case even if the cells in question were broken, hence there is no o; in the second term. It is clear that the model written in terms of local strains cannot describe global phenomena. For example, there is no penalty if adjacent longitudinal rows of cells are displaced by a constant amount relative to one another. However, the model captures, e. g., such essential features as stress concentration at crack tips and stress relaxation at crack boundaries.
In addition, the cracks turn out to be straight lines which simplifies the scaling behavior of this model.
The only material parameter is the "shear modulus" J which is large at which densities of the underlying fiber network and small at low densities. Thus the model allows us to study how the flexibility of the fiber network affects the fracture behavior. This provides a direct link to real materials and to standard fracture mechanics. ' A large J corresponds to a material with low fracture toughness and vice versa. Strength, on the other hand, goes up when J increases as will be shown below. The effect of J on the fracture process is easy to demonstrate by pulling apart, e. g., sheets of tissue paper (low density, hence small J) and tracing paper (high density, hence large J). We note that, as opposed to our cell model, in many of the ordinary lattice "bond" models ' ' the stress transfer capacity cannot be varied independent of the Young's modulus. In many others ' ' ' the model parameters have no counterparts in the properties of a continuum material, or the relationship between the model and a continuum material can be defined in several ways.
The local equilibrium is determined by BW/BEI, =O.
The equilibrium configuration for a given external force h is solved by using conjugate gradient method, ' which is found to be computationally quite effective. Periodic boundary conditions are applied in the longitudinal and transverse directions.
The adiabatic load-elongation behavior is determined in the usual manner.
First the cell that has the largest strain is broken (i.e. , we set al, =0
for that cell). Then the new equilibrium strain configuration is calculated and the next chosen cell is erased. This process is continued until a crack crosses the sample. The stress-strain curve of the system is calculated from 0. , =2 W'+h g c, "al,"
xnn 9455 where the quantity in parenthesis is the internal energy and e = (ek ) is the macroscopic strain. For the numerical results we have taken averages over 1000 samples for the system size L =10, 250 samples for L =20-70, 100 saxnples for L = 100, and 20 samples for L = 150. ken cell and its immediate nearest neighbors.
It is easy to see from Eq. (9) that if p is small or J is large, then the strain ck next to the first broken cell is larger than the strains in all the other unbroken cells. This happens when the following holds
One expects intuitively that an effective-medium approximation (EMA) would be good as long as the local strain variations are small and no cells have failed. ' This is the case in the elastic regime provided that the cell densities are uncorrelated and do not vary too much (p is small). A particular version of EMA may also work for the initial stages of fracture when only a small number of cells have failed. ' First we consider the elastic case, i.e. , ak --1 for all k. According to Eq. (6), the cells with the lowest density are strained most. The effect of cell density is strongest when the transverse coupling J is small. It is obvious that correlations between neighbor cells may cause substantial deviations from Eq. (6) and statistically significant simulation results would be difficult to obtain for comparison with EMA. On the other hand, for a uniform f(lk) the EMA distribution of cell strains g (sk ) is simple:
In this case the first failure triggers crack propagation across the system, a situation that might be called "single-crack" fracture. The (p, J) phase space for this behavior is shown in Fig. 1 .
The extreme opposite to the case of single-crack fracture is that of strong disorder. In this case no crack propagation occurs. Instead new failures appear at random locations, and a finite fraction of the cells have to be broken before the system fails. In considering the phase boundary between the strong disorder and the singlecrack cases we assume that the cell failures affect only their immediate nearest neighbors but all other cells remain intact, i.e. , ck = c, . In order to describe the situation let n, be the critical number of broken cells in a crack that are needed before the crack becomes unstable (of course, at the same time many more cells have to be broken elsewhere in the system}. The solid line in Fig. 1 corresponds to n, =1 and the dotted line to n, =2. When J =0, the critical size n, diverges as n, =2p/(1p), for p~1. Thus EMA predicts that the strong disorder behavior occurs only when J=0 and p = l.
The values for the stress and strain at which the first cell fails, 0. ;";, and c,;";"respectively, are to a good approximation linear functions of the half-width p of the density distribution: 0 jgjt Ejgjt 1 const X p The positive constant depends on J and it is different for the two quantities, but becomes unity when J~O. On the other hand, the elastic modulus is a nonlinear function of p with a logarithmic singularity E --2/ln(1p), when J =0 and p~1. For all these results the density distribution is assumed to be uniform. g (ek ) =const X ek~.
(8)
This result is found to agree with the simulation results irrespective of the values of J and p. Thus the intercell strain correlations are irrelevant. It is interesting that the EMA strain distribution in Eq. (8) is independent of J except for the normalization constant. Thus the geometric structure of the network, i.e. , the spatial distribution of mass, totally determines the strain distribution.
Next we consider what happens when the first cell fails. 
IV. FINITE-SIZE SCALING AT STRONG DISORDER
The effective-medium approximation describes, by definition, infinitely large systems L~~. Nevertheless, in analogy with several other studies ' nontrivial finitesize effects are to be expected when disorder is sufficiently strong (J -+0 or p~1 ). The fracture process can then be divided into three size-dependent regimes: the initial fracture process dominated by the quenched disorder, the process of correlated but still nonlocalized failures, and the ultimate failure through crack propagation. The nature of the fracture process can be determined by monitoring certain characteristics for the first two phases.
However, the description of the last phase is complicated by the fact that it is difficult to see, how much the propagation of the final, "fatal, " crack is affected by cracks that already existed in the network. In our case the situation is simpler since the final crack always appears to go straight across the system. One of the relevant quantities is the number of broken cells during the fracture process. The initial cracking at small external strain c. ", should be random when the disorder is relevant. ' Thus the external load F on the network should obey the following scaling relation as a function of the number of broken cells N:
This is indeed the case, since there is the data collapse to a single line for all N below some critical size-dependent value N, as depicted in Fig. 2 . Furthermore, 4 is a linear function which follows directly from the fact that the residual stiffness and external strain of the system are both analytic functions of N/L 2 &( l.
The crack propagation begins at the point of the maximum stress rr, "=(F/L ),", denoted by N=N~, "(&N,). This would correspond to the macroscopic rupture of a real sample. According to Herrmann, Hansen, and Roux, ' N, "should scale as N, "-L ' Our simulation results (for p= 1,J =0. 05) are within er-ror bars consistent with this showing an exponent 1.70+0.06, as Fig. 3 illustrates. However, it is conceivable that the exponent could be larger in the limit J~O.
In any case, the exponent value less than two shows that at the "thermodynamic" limit, L~~, the fraction of broken cells at the onset of crack propagation vanishes when p= -1 and J& 0. %ith increasing L and for smaller p values Fig. 3 also shows a crossover from this weak disorder behavior to the single-crack behavior. In the latter case the crack propagation starts from the first microcrack and thus N, "~1for L~~.
Another quantity of interest is the total number of cells t that have to be broken in order to break the samp le into two parts. Because of the local nature of our scalar model, cracks are always straight transverse lines. Therefore, we expect N", to be given by (12) where n, is the critical crack size defined above (see Sec.
III, i.e. , n, cells of the final crack are already counted for by N,"). As Fig. 3 shows, Eq. (12) holds quite well, with n, )2 for p= l. Again it can be seen that when L~~, the single-crack behavior is obtained for p&1. Thus N, "=n, =1 and iY"t~L for L~oo. The result given by Eq. (12) can be regarded as a special case of Ntot Nmax c+Ncrack & where Ncrack is the number of broken cells in the final macroscopic crack.
This intuitively clear fact appears to have remained unappreciated. Since in our case the final crack appears always straight, the number of cells in it, N""k, is larger than L only because some of the cracks created prior to the final crack happen to lie on its path. The number of them is in the first approximation equal to 2AL 
5.5
In addition to the si t e disord "+J [ f. Eq (6) ] The co bi ed ff e ectof Jan ' ' sy rom single crackto we kd he E A result (Fi . The plateau at large p and small J corresponds to weak disorder behavior. As the inset in Fig. 7 (a} shows, the transition from single crack to weak disorder occurs for ever larger p when the system size grows. Also, the strain values pertinent to the fracture process follow closely the linear trend implied by EMA, except in the limit of p~1
[ Fig. 7(b) ]. When p=1 weak disorder behavior is obtained for all J and hence o. , "and c, ;";t are size dependent. If J is small the stress-strain curve is nonlinear [ Fig. 4 (a}] and thus e;";, (o,"even though the elastic modulus of the system is always less than or equal to unity. On the other hand, when J grows, the stress-strain curve becomes linear [ Fig. 4(b In this paper, we have reported results for a scalar model with disorder at mesoscopic length scale at which the materials of interestsuch as disordered fiber networkscan be considered continuous. Hence the elastic energy of the system is defined using as independent variables the strains of lattice cells instead of the strains of, e. g., lattice bonds. The approach proves quite useful and illustrative.
Furthermore, this approach is solvable with the effective-medium approximation, which in turn is capable of explaining a good deal of the behavior of the model.
Depending
on its parameters the model exhibits single-crack and weak disorder fracture. In addition, strong disorder fracture is suggested by the nontrivial finite-size scaling, N, "-L' but only when (p~i), ( 1~0), and (L~oo ). Because of the straight cracks the model yields, the total number of ce11 failures is given by Eq. e. g., paper samples. Small samples fail gradually with a "post-fracture tail" in the stress-strain curve whereas large samples tear apart.
The same crossover can also be effected by increasing the shear coupling (relative to Young's modulus) as given by J in the model: A strong coupling leads to high stress concentrations at the crack tip and thus favors crack propagation. In real paper this happens, e.g. , when the average mass per unit area is increased. ' It should be noted that even in the case of weak disorder a dominant crack emerges eventually and its growth controls the ultimate failure. The stability of crack growth can be analyzed using the standard concepts of fracture mechanics such as fracture toughness. ' Disorder is generally irrelevant in such considerations. On the other hand, the onset of the macroscopic failure process or crack propagation is controlled by different factors and then the role of disorder is important. For example, the above results show that if disorder is irrelevant (i.e. , the first crack is unstable), the breaking stress decreases with increasing disorder: 0. , "-1 -constXp. On the other hand, if disorder is large enough, and thus relevant, then cr, " is independent of p. This perhaps surprising situation has apparently not been realized before when the strength of disordered materials such as paper has been analyzed. Rather than studying what happens as a function of disorderwhich is often diScult to controlit appears better to consider the size dependence of the breaking characteristics. This investigation has been motivated by the desire to model the behavior of continuous disordered materials, especially fiber networks with mesoscopic disorder. In that respect several questions remain open. For example, what are the physical dimensions of the lattice cells? Disorder becomes weaker if cells are made larger but they fail more gradually which enhances the effect of disorder. ' Another issue of interest is the effect of the plastic deformations that occur in real materials. %'ork is in progress to address these questions.
